In the no-core shell model formalism we compute effective one-and two-body operators, using the Lee-Suzuki procedure within the two-body cluster approximation. We evaluate the validity of the latter through calculations in reduced model spaces. In particular, we test the results for the two-body system and find that indeed the effective operators in the reduced space reproduce the expectation values or transition strengths computed in the full space. On the other hand, the renormalization for operators in the case of 6 Li is very weak, suggesting the need for higher-body clusters in computing the effective interaction.
Introduction
One of the important steps in validating any theoretical model is a good description of the experimental data. This has to include, aside from the energy spectrum, observables and transition strengths, which provide an important test of the theoretical wave functions.
Starting from first principles, the no-core shell model (NCSM) has been successful in reproducing with very good accuracy the observed energy spectrum in light nuclei. Thus, within the NCSM framework, one starts with a realistic nucleonnucleon (NN) interaction, 1 more recently adding also three-nucleon forces, 2, 3 and, by employing a similarity transformation, briefly reviewed in Sec. 2, obtains an effective interaction in a restricted model space. The initially infinite dimensional problem then becomes numerically tractable, so that diagonalization in a large, translationally invariant basis provides the theoretical spectrum as well as the wave functions of ground and excited states. If the transformation is exact, the energy spectrum and expectation values of other observables are preserved.
Much effort has been directed toward computing effective interactions, and with increasing computing power and more efficient shell-model codes, we are able nowadays to describe heavier and heavier systems in larger and larger model spaces. Less progress has been made, however, in the direction of consistently computing other effective operators within the NCSM. The only operators thus computed have been the effective point-proton radius, 1 relative kinetic energy, 4 and the NN pair density. 4, 5 However, important operators such as semi-leptonic weak and electromagnetic have not been consistently treated in the NCSM, and this is a possible explanation for the failure to describe adequately transition strengths. Historically, the method to obtain agreement with the experimental transition strengths was to use bare operators, with enhanced (e.g., E2) or quenched (e.g., Gamow-Teller) effective charges or couplings instead of the bare ones. But perturbation theory fails to predict the needed phenomenological charges;
6 considerable success was however reported within the NCSM framework in a restricted model, where the effective quadrupole charges have been shown to have the expected values in a single harmonic oscillator shell. 7 In the present paper, we test an implementation of general effective operators within the NCSM, by performing calculations in two-and many-body systems in limited model spaces.
Formalism
In the NCSM, all nucleons are treated on an equal footing. In this work, we consider two-body interactions only, that is, the intrinsic Hamiltonian describing the manybody system is
where m is the nucleon mass, and V
N N ij
the bare NN interaction, such as the Argonne potentials in coordinate space 8 or the non-local CD-Bonn.
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Adding a center-of-mass (CM) Hamiltonian to the A-body Hamiltonian (1) does not change the intrinsic properties of the system. We bind the CM through a harmonic oscillator (HO), so that the total Hamiltonian can be cast in the form
This introduces a pseudo-dependence on the HO frequency Ω; however, the cluster approximation described below will introduce a real dependence on Ω. Following Da Providencia and Shakin 10 and Lee, Suzuki and Okamoto, 11 we construct a similarity transformation able to accommodate the short-range two-body correlations by introducing an antihermitian operator S, so that the effective Hamiltonian H is given by
In principle, both S and H are A-body operators (even if originally we started with only two-body interactions), but determining S exactly would be as hard as solving the original problem. We will return to the calculation of S below; for now we assume that no approximation has been made. The infinite Hilbert space associated with the system can be split into the finite model, or P -space, and the complementary, or Q-space, with the projectors P and Q spanning the entire space, P + Q = 1. We determine the previous transformation by requiring that the new Hamiltonian completely decouples the P and Q spaces,
in addition to the conditions 12 P SP = QSQ = 0. With these restrictions, the operator S can be formally written 12 by means of another operator ω as
with QωP = ω. In terms of the new operator ω, the effective Hamiltonian in the P space becomes
and, analogously, any arbitrary operator can be written in the P space as
In order to determine the effective operators, one has to compute the transformation operator ω, which is equivalent to determining S. But before addressing this problem, we would like to comment on the last two equations. We mentioned in the introduction that very little progress has been made regarding effective operators, while one can compute with very good accuracy the effective interactions. While it is true that Eqs. (6) and (7) are formally similar, the difference is that the interaction is given in relative coordinates, while a general operator is usually defined in the single-particle basis. For the effective interaction (6), the problem can be broken down and solved one (J , T ) channel at a time, the dimensions involved being much smaller than for the initial problem. The same procedure cannot be applied, however, for a general operator in the single-particle basis. The solution is to transform ω to the single-particle basis, but this involves a complicated approach which includes a large number of states. The problem simplifies again for special operators which are given in relative coordinates, such as the point-proton radius, relative kinetic energy, or NN pair density, and these have been investigated, 1, 4, 5 as previously noted. Finally, note that because of Eq. (7), a one-body operator will end up having non-zero genuine two-body elements in the model space.
We return now to the problem of determining ω. Note that this operator connects vectors in P to vectors in the Q space. Therefore, a simple way to compute ω is
where |α P and |α Q are the basis states of the P and Q spaces, respectively, the |k are the eigenvectors of the Hamiltonian in the full space H Ω A |k = E k |k , and α P |k is the matrix element of the inverse overlap matrix α P |k , that is αP k ′ |α P α P |k = δ kk ′ . Note that computing ω by means of Eq. (8) requires knowledge of the solutions to the initial A-body problem, that is the eigevectors |k , which are actually our goal. While formally everything was exact up to now, in order to use this procedure, we have to make one approximation. That is, instead of using the eigenvectors |k for the A-body problem, we solve these for the a-body system, with a < A. This is called the cluster approximation, and in the limit a → A, the solution becomes exact. We point out that the cluster approximation induces a real dependence of the effective interaction upon the center of mass HO frequency; the solution to this problem is to search for a range of Ω values over which the results vary only slightly, i.e., are weakly Ω dependent.
The interaction obtained by means of Eq. (6) at the a-body level is then diagonalized by means of the Lanczos algorithm in the many-body space spanned by an anti-symmetric, translationally invariant basis of A particles. As noted, if a = A, one obtains the exact solutions. The way to reach convergence to the full space solution for a < A is by increasing the dimension of the model space P , keeping the cluster approximation at the same level. (Note that when P approaches the full space, the effective interaction approaches the bare one.) Although results calculated at the three-body cluster level have been recently reported, 3, 14 in this work we restrict ourselves to the two-body cluster, or in other words, a = 2. (Three-body cluster calculations are computationally very demanding for obtaining the nuclear spectra and much more so in the case of other operators.)
Finally, when computing the effective operators by means of (7), we have to make one additional approximation. That is because, as mentioned before, for arbitrary operators one cannot work in the relative system, and one needs to go to two-body matrix elements described in the single particle basis. This involves a large number of two-body matrix elements from the Q space, and even for the simplest case one cannot take all of them into account. The solution is to include a restricted number of basis states from the Q space, that is one HO shell at a time, and observe the convergence in the values of interest. For example, for a 2 Ω P -space calculation, we include only states from 4 Ω, 6 Ω,etc. In each case we compute the two-body matrix elements of the effective operator, and when we do not see a change in their values, we assume that we have reached convergence. 
Results and discussion
We apply first the procedure described above to the two-body system. In this case, the two-body cluster is the exact transformation, obtaining in the restricted space the exact expectation values or transition strengths as in the full space. Note that ω is a two-body operator, and, therefore, in order to compute effective one-body operators, we have to write the latter in a particle-number dependent twobody form:
with the appropriate anti-symmetrization of the two-body matrix elements. In Eq. (9), the indexes of summation run over all single particle states, a † and a are the usual fermion creation and annihilation operators, respectively, and δ is the Kronecker symbol.
In the two-body system, the two-body cluster approximation is exact; consequently, we have to regain in the restricted space exactly the values in the full space. For testing purposes, we assume that the full space is the 10 ω shell-model space, in which we use the bare, isospin-independent Argonne V8' interaction. 8 We emphasize that although we specifically employ one proton and one neutron in our calculations, this space does not give a realistic description of the deuteron, and is for testing purposes only. We then transform to a 2 ω model space, computing the effective interaction. Following the procedure described in the previous section, we compute E2 and M 1 transition operators, as well as the effective relative kinetic energy by including one shell at a time from the Q space. Figure 1 shows that indeed when one includes most of the states in the Q space, the effective operators reproduce the values in the full space. One might argue that the convergence is very slow, and that one needs most of the states to reach convergence. This is, however, most likely an artifact of the smallness of the full space, which makes the contribution of most Q-states equally important. In many-body systems, the situation is different from the two-body system because the transformation from the full to the model space is not exact. We investigate the influence of the two-body cluster approximation in 6 Li, by assuming that the full space is 8 ω and the interaction has a Gaussian form (due to the short-range repulsive core of realistic bare potentials, we cannot perform meaningful calculations in such a small space). We then compute the effective interaction and operators in 2 Ω and 4 Ω model spaces, and summarize the results in Table 1 . Note that because the initial full space is rather small, we have a more important contribution from higher order clusters. We mention however that although the ground state energy for the 4 Ω model space still differs by a few percents from the full space (8 Ω) , the spacing between the states is about the same. All shell-model calculations have been performed with a descendant of the MFD code.
15 Table 1 shows insignificant differences between the results obtained with bare or effective operators (note that in this case we show only the values when we included the full Q space). We have to point out that previous calculations have produced very strong renormalization of the kinetic energy operator in 4 He 4 and 12 C, 16 but here we find it to be very weak. The explanation lies again in the smallness of the full space which makes the higher-order clusters, most likely up to six particles, much more important than in realistic calculations. Nonetheless, we have unpublished re-sults in realistic calculations in 12 C for effective electromagnetic operators, 16 which show similar behavior as the results in Table 1 . This suggests that for such operators the two-body cluster does not produce enough renormalization, to be confirmed by further investigations in realistic model spaces, using realistic interactions. Note that the relative kinetic energy is a short range operator, while the E2 transition and point-proton radius (for which was also found a very weak renormalization) operators are long-range operators. It is, however, known from effective interaction calculations that the two-body clusters renormalize the short-range correlations of the NN interaction, so it follows that the renormalization for long-range operators should be weaker. What is somehow surprising is the extremely small renormalization of the E2 operator, which should have also a short-range component (there is no surprise that the M 1 operator does not renormalize much, as it does not mix different shells, and, hence, the contribution from outside the model space should be very small).
Conclusions
We have implemented the NCSM formalism to general one-and two-body operators. For effective interactions we use a procedure which is equivalent with using the entire Q space (for details we refer the interested reader to previous work 1 ). Arbitrary operators present a significant difference, as, in general, one cannot use the whole complementary Q space. Hence, we developed a convergence procedure by adding Q states one shell at a time. While in the calculation presented the convergence appears to be slow, we expect that this is due to the limitation of the size of the model space, where higher-order clusters play an unrealistically big role.
In the two-body system, where there is no approximation in computing the transformation from the full to the model space, we regain in the exact B(El), B(M l), or expectation values by employing effective operators. Furthermore, these renormalized results differ significantly from the ones obtained by using only the bare operators.
Our test in a many-body system, where we employ only the two-body cluster approximation, shows a weak renormalization for electromagnetic operators as well as for the relative kinetic energy. The latter has been previously computed in realistic systems, and the renormalization was found to be significant. We explain the present results by the size of the full space, which is very small in our example, making the higher-order cluster contributions more important than in realistic situations. However, for electromagnetic transition operators, we found similar results in a realistic calculation for 12 C, 16 which would suggest that, compared with the effective interaction, the higher-order clusters play a bigger role in computing longrange effective operators. This is a hypothesis remaining to be verified in realistic calculations. As a general caveat, any truncation of the space could induce effective operators with non-negligible higher-body correlations. Consequently, the renormalization properties of each operator, especially those with little or no experimental data available (e.g., double-β decays), need to be studied separately.
Nevertheless, the theory of effective operators is important for at least two sets of next generation experiments. The first is the investigation of nuclei far-fromstability through the projected rare isotope accelerator (RIA), with important applications to nucleosynthesis. The second is to double-β decay experiments, which will provide data on the mass of the lightest neutrino. 17 This motivates us even more to pursue this issue further, by investigating, for example, semi-leptonic operators at finite momentum transfer which should have short-range components, renormalizable at the two-body cluster level.
